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Numerical Solution and Discussion of Results

The iterative procedure, as described by Gorla,? is used for
the circular pin and the boundary layer. The boundary-layer
equations were solved by an implicit finite-difference method
described by Cebeci and Bradshaw.’

The dimensionless local heat flux may be written as
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Figures 1 and 2 display the numerical results for the local
heat transfer coefficients at various axial locations of the pin.
It may be Observed that higher values of the conjugate convec-
tion-conduction parameter N, represent higher local heat-
transfer coefficients. As the buoyancy force parameter Q in-
creases, the magnitude of the heat transfer coefficients also
increases. As the dimensionless material parameters A in-
creases, the heat transfer coefficients decrease due to the pres-
ence of polymeric additives. We may note that A = 0 denotes
Newtonian fluids. The local heat transfer coefficients do not
decrease monotonically in the flow direction for large values
of N, and Q. They decrease first to some minimum value and
then steadily increase with £. This is attributed to enhanced
buoyancy associated with an increase in the wall to fluid
temperature différence along the streamwise direction.

The results for the pin temperature distribution are illus-

trated in Fig. 3. As N, or { increases, we see that the pin
surface becomes more nonisothermal. In all cases, the pin
temperature distributions decrease monotomically from root
to tip.

Concluding Remarks

In this Note, we have presented an analysis for the conju-
gate convection and conduction heat transfer including buoy-
ancy force on the forced flow of a micropolar fluid over a
vertical circular pin. The overall heat transfer rate decreases
with increasing values of the convection-conduction parame-
ter N, or decreasing values of the buoyancy parameter. The
surface temperature variations of the pin from the root to tip
increase with increasing values of N, and the buoyancy force
parameter .
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Nomenclature

= gravitational vector

= overall equivalent thermal conductivity

= local equivalent thermal conductivity

= characteristics length, (R, — R;)

= Prandtl number, v/«

,R, = inner and outer cylinder radii-

= Rayleigh number, 8gL3T,,/av

= Reynolds number, R;wL /v

= radial coordinate

T;,T, = temperatures of inner and outer cylinders

Tr,T,, =reference temperature; 7z =(T; +7,)/2,
T, =(T;—T,)/2, respectively

t,T = time and temperature, respectively

u,v = radial and tangential velocity, respectively

o,  =thermal diffusivity and coefficient of volumetric
expansion

% = angle measured anticlockwise from the downward
vertical through the center of the heater cylinder

o = dimensionless temperature, (T —TR)/T,,

v = kinematic viscosity

o = reference density corresponding to T

¢

v

&)

o
£

~

Q

TR

= angular coordinate
Ne = stream function and vorticity, respectively
= angular velocity of inner rotating cylinder

Introduction

ONVECTIVE fluid motion in a region bounded by two

horizontal cylinders with parallel axes has been the sub-
ject of many studies in recent years. The mixed-convection
problem in which buoyancy and centrifugal effects (created by
heated rotating cylinders) is of practical concerh in many
technological applications, ranging from the control of chem-
ical engineering process equipment, rotating machinery, and
shafting, to the prediction of meteorological conditions: In
machinery with the rotating shaft heated by electrical means
through a mercury slip ring, the rotating shaft is immersed in
mercury and the characteristics of the fluid flow and heat
transfer processes are not well known. In most of the studies
cited,!”” attention has been focused on fluids with Prandtl
numbers of order one and larger, and none consider the rotat-
ing shaft immersed in mercury with a Prandtl number of 0.02.
Liu et al.! measured overall heat transfer characteristics and
temperature profiles for air, water, and silicone oil. Photo-
graphic studies of the flow patterns in air were first presented
by Bishop and Carley.? Powe et al.? examined the critical
Rayleigh number at which counter-rotating eddies begin to
form for air. Kuehn and Goldstein? presented results of exper-
imental and numierical studies of the motion of air and water
within a horizontal annulus. More recent related studies were
done by Fusegi et al.,’ Bishop and Brandon,® and Bishop.’
These studies, however, were concerned with fluids of Pr=1
or higher.
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This Note investigates the fluid motion and heat-transfer
characteristics of a fluid with a Prandtl number of 0.02 con-
tained within a horizontal cylindrical annulus of radius ratio
2.6, following earlier experimental work by Lee et al.® and
Kuehn and Goldstein.* The inner cylinder is assumed heated
and rotating. The flow is assumed to be steady, two-dimen-
sional, and laminar for the range of parameters considered
here. This assumption of two-dimensional flow pattern and
heat transfer was verified experimentally by Lee et al.? for the
parameters considered with air. However, Fusegi et al.’ pro-
posed numerically that the limit may be lower and is decided
by a rotational parameter being less than one. The effect of
Prandtl-number variations was not investigated in the preced-
ing studies.

Governing and Boundary Equations
The dimensionless governing equations that describe the
motion of the incompressible fluid within the annulus in
Fig. 1, subject to the Boussinesq approximation, are

%{; — VX (@*X™*)= —RaPrv x(08) + Prot* (1)
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where r*=r/L, t*=t/(L*/a), u*=u/(a/L), *=¢/(a/L?),
and Y*=y/a. (From here on the * denoting dimensionless
quantity is dropped for simplicity.)
The boundary ¥ is constant as there is no flow across the
boundaries,
Yo =0, Vi =f(Re) . &)
where f(Re) is determined by the requirement that the pres-

sure distribution be single-valued. With the inner cylinder
rotating at w and assuming no slip at the boundaries,
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Fig. 1 Coordinate system in the annular region.
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The heat transfer characteristics of the convective fluid flow
pattern, when the inner cylinder is rotated, can best be de-
scribed by the equivalent thermal coductivities as used by
Kuehn and Goldstein*:

__ (heat transferred per unit area) ©)
edl k(AT)/[rtn(R,/R})]

_ (heat transferred per unit length)
«a 27k (AT)/t(R,/R})

(10

For Ky in Eq. (9), the radial distance r is either R, or R;
depending on the surface considered.

Numerical Method

The finite difference solutions of Eqs. (1-4), with their
boundary conditions, Egs. (5-10), are obtained at the nodal
points of a 20 x 60 uniform mesh superimposed on the solu-
tion region of Fig. 1. Detailed numerical procedures are de-
scribed by Lee® and Lee et al.,? and will not be repeated here.
The numerical solution procedures converged readily for low
Prandtl numbers to the order of 0.001. Smaller Prandtl num-
bers were not investigated as there is no real fluid of practical
interest. The solution process, however, encountered some
numerical instabilities when the Prandtl number exceeded 100.
The limiting cases of Re =0 (i.e., stationary cylinders) or low

‘Rayleigh number of 1000 were presented in an earlier work by

Lee!® For Ra=0 (i.e., T,=T;), investigations were carried
out for verification purposes only!® with varying Reynolds
number up to a value of 1000. However, it must be pointed
out that for Re =0, a slightly different mathematical formula-
tion of the problem is necessary to avoid a point of singularity
in the governing equations.

Fig. 2 Streamlines and isotherms (R,/R;=2.6, Ra=5.5x104,
Pr=0.02): a) Re =0; b) Re =140; ¢) Re =416; and d) Re =1120.
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Results and Conclusions

For fluids with low Prandtl number, the present investiga-
tion (Fig. 2a) shows a multicellular flow pattern that contrasts
with the usual monocellular flowfield obtained for high
Prandt] number fluids*!! As a consequence of this multicellu-
lar flow pattern, the heat transfer characteristics for fluids
with low Prandtl number were found to have points of maxi-
mum and minimum at the interior nodes, instead of the top
and bottom nodes which is known for the high Prandtl num-
ber fluids. When the inner cylinder is made to rotate, the
multicellular flow pattern on one side of the annulus is sup-
pressed. There is an imbalance in the magnitudes of the buoy-
ancy and shear forces such that the thermal plume moves in
the direction opposite to that of the inner rotating cylinder.
This thermal plume movement is distinctly different and op-
posite to that observed for the high Prandt! number fluid
flow, where the monothermal plume on top of the inner
cylinder moves in the same direction as the inner rotating
cylinder 8

The development of the counter-rotating secondary cells
and bithermal plumes for a fluid with a Prandtl number of
0.02, at a Rayleigh number of 5.5 x 10%, is shown in Fig. 2. At
a low Reynolds number of 140 (Fig. 2b), two counter-rotating
secondary cells. of different strengths are formed above the
inner cylinder. Because of the occurrence of these counter-ro-
tating secondary cells, a pair of thermal plumes are observed
above the inner cylinder at an approximate angle of 45 deg on
both sides of the vertical axis. With the rotation of the inner
cylinder in the counterclockwise direction, it is noted that the
left counter-rotating secondary cell is smaller than the right
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Fig. 3 Local equivalent thermal conductivity of inner cylinder (R, /
R; =2.6, Ra =5.5%x10%, Pr =0.02).
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Fig. 4 Local equivalent thermal conductivity of outer stationary
cylinder (R,/R; =2.6, Ra =5.5x 104, Pr =0.02).
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Fig. 5 Overall equivalent thermal conductivity at various Rayleigh
numbers (R,/R; =2.6, Pr=0.02).

counter-rotating secondary cell. As the Reynolds number is
increased, the size of the left counter-rotating secondary cell
decreases further. The zero-value streamline eventually envel-
oped the right counter-rotating secondary cell. At the same
time, it is noted that the bithermal plume on the left side of the
inner cylinder is gradually suppressed. Increasing the angular
speed to the Reynolds number of 416 (Fig. 2c), it is seen that
the left-hand secondary cell diminishes and there is now only
a single counter-rotating cell formed above the inner rotating
cylinder. The thermal plume on the left-hand side continued to
be suppressed further. As the Reynolds number further in-
creases, the remaining counter-rotating secondary cell also
gradually decreases its size and is eventually enveloped by the
left-hand main cell. A marked decrease in the left-hand ther-
mal plume can be observed. In the Reynolds number range of
800-1120 (Fig. 2d), the remaining counter-rotating secondary
cell disappeared and the left-hand thermal plume *‘leveled
off,”’ giving the observed the impression that the thermal
plume had moved in the opposite direction to that of the inner
cylinder rotational direction.

As shown in Figs. 3 and 4, at a Rayleigh number of 5.5 x 104,
the distribution of the local equivalent thermal conductivity at
the inner and outer cylinders is greatly influenced by the devel-
opment and modification of the multicellular flow pattern due
to the rotation of the inner cylinder. Arising from the suppres-
sion of the left thermal plume, the peak heat flux on the outer
cylinder takes on two different values: the peak value for the
right-hand thermal plume being higher than that of the left-
hand thermal plume. As the Reynolds number is increased, the
peak local heat flux near the left-hand thermal plume gradu-
ally leveled off. For the inner cylinder, the local peak value
near the top of the cylinder gradually leveled off as the Rey-
nolds number is increased.

For the case of the low Prandtl number of 0.02, Fig. 5 shows
that as the Rayleigh number increases the overall equivalent
thermal conductivity increases. This is expected as the mode of
heat transfer changes from conduction to convection as the
Rayleigh number increases. However, for a particular Ray-
leigh number, the variation of the overall equivalent thermal
conductivity is negligible when the Reynolds number is in-
creased. In the Rayleigh number range of 0-1000, there is not
much variation in the overall equivalent thermal conductivity
value. For the case of a Rayleigh number of 10°, the overall
equivalent thermal conductivity varies from a minimum of
1.02 at a Reynolds number of 140 to a maximum of 1.10 at a
Reynolds number of 1120. The value of the overall thermal
conductivity is approximately 1.0, indicating that the mode of
heat transfer is essentially conduction. When the Rayleigh
number is increased to 5.5 x 10?, it was noted that the overall
thermal conductivity varies between a maximum value of 1.94
and a minimum value of 1.77. A similar trend for the overall
thermal conductivity was also observed for the case of a Ray-



JAN.-MARCH 1992

leigh number of 10°. The overall thermal conductivity value
varies between a maximum of 4.23 at a Reynolds number of
416 and a minimum value of 4.19 at a Reynolds number of
1120. From the preceding studies, it can be concluded that for
a given Rayleigh number in the range of 103-10°, the overall
equivalent thermal conductivity is almost constant with respect
to the rotational Reynolds number in the range of 0-10°, al-
though the streamlines, isotherms, and local equivalent ther-
mal conductivity exhibits very different features.

References

1Liu, C. Y., Mueller, W. K., and Landis, F., ‘‘Natural Convective
Heat Transfer in Long Horizontal Cylindrical Annuli,”” International
Developments in Heat Transfer, ASME, Pt. 4, 1961, pp. 976-984.

2Bishop, E. H., and Carley, C. T., “Photographic Studies of Natu-
ral Convection Between Concentric Cylinders,”” Proceedings of the
1966 Heat Transfer Fluid Mechanics Institute, Stanford Univ. Press,
Stanford, CA, 1966, pp. 63-78.

3Powe, R. E., Carley, C. T., and Carruth, S. L., “‘A Numerical
Solution for Natural Convection in Cylindrical Annuli,”” ASME Jour-
nal of Heat Transfer, Vol. 93, No. 12, 1971, pp. 210-220.

4Kuehn, T. H., and Goldstein, R. J., ‘“‘An Experimental and The-
oretical Study of Natural Convection in the Annulus Between Hori-
zontal Concentric Cylinders,”’ Journal of Fluid Mechanics, Vol. 74,
No. 4, 1976, pp. 695-719.

SFusegi, T., Farouk, B., and Ball, K. S., “Mixed-Convection Flows
Within a Horizontal Concentric Annulus with a Heated Rotating
Inner Cylinder,”’ Numerical Heat Transfer, Vol. 9, No. 2, 1986, pp.
591-604.

6Bishop, E. H., and Brandon, S. C., ‘“Heat Transfer by Natural
Convection of Gases Between Horizontal Isothermal Concentric
Cylinders: The Expansion Number Effect,”” Proceedings ASME/
JSME Thermal Engineering Joint Conference, Vol. 2, American Soci-
ety of Mechanical Engineers, New York, 1987, pp. 275-280.

"Bishop, E. H., ‘“Heat Transfer by Natural Convection of Helium
Between Horizontal Isothermal Concentric Cylinders at Cryogenic
Temperatures,”” Journal of Heat Transfer, Vol. 110, No. 1, 1988,
pp. 109-115.

8Lee, T. S., Wijeysundera, N. E., and Yeo, K. S., ““Convection in
Eccentric Annuli with Inner Cylinder Rotation,”” ATAA Journal, Vol.
24, No. 1, 1986, pp. 170-171.

9Lee, T. S., “Numerical Experiments with Laminar Fluid Convec-
tion Between Concentric and Eccentric Heated Rotating Cylinders,”’
International Journal of Numerical Heat Transfer, Vol. 7, No. 1,
1984, pp. 77-87.

10 ee, T. S., ““Free and Forced Convection in Concentric and Ec-
centric Horizontal Cylindrical Annuli,”” Proceedings of the ASME/
JSME Thermal Engineering Joint Conference, Vol. 3, American Soci-
ety of Mechanical Engineers, New York, 1983, pp. 125-131.

lee, T. S., Wijeysundera, N. E., and Yeo, K. S., “Convec-
tive Fluid Motion and Heat Transfer in Concentric and Eccentric
Cylindrical Collector System,”” ASME Solar Energy Division, Pro-
ceedings of Sixth Annual Technical Conference, Las Vegas, NV, 1984,
pp- 194-200.

Two-Dimensional Effects in a
Triangular Convecting Fin
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Introduction

T HE traditional approach to the analysis and design of
fins is based on the assumption of one-dimensional con-
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duction in the fin material. In recent years, however, several
workers have studied the effect of two-dimensional conduc-
tion on the performance of fins. For example, Lau and Tan'
used the method of separation of variables to develop exact
solutions for two-dimensional conduction in straight and an-
nular fins of rectangular profile. A similar approach for a
cylindrical fin was used by Irey.? These exact solutions show
that the one-dimensional assumption is valid only if the Biot
number (Bi) based on half thickness of the fin is much less
then one, otherwise the errors can be as high as 60% for Bi
= 10. The validity criterion of Bi << 1 was established an-
alytically by Levitsky®> who showed that the exact solution for
three-dimensional conduction in an infinitely long rectangular
fin does indeed reduce to the standard one-dimensional so-
lution if Bi << 1.

Since the two-dimensional triangular fin does not admit an
exact analytical solution, the problem has been studied by
Sfeir* and Burmeister® using an approximate technique. Both
authors used a heat balance integral approach to reduce the
two-dimensional heat conduction equation to an ordinary dif-
ferential equation. While Sfeir solved the equation numeri-
cally, Burmeister obtained the solution in terms of hypergeo-
metric functions. Since numerical solutions of the problem
are not available, it-is not possible to assess the accuracy of
these approximate results. In any case, the results presented
in these two papers do not provide a quantitative picture of
how the Biot number and length-to-base thickness ratio affect
the heat transfer rate and the magnitude of the errors intro-
duced due to the one-dimensional assumption.

The purpose of this work is twofold. The first purpose is
to obtain a finite element solution for the two-dimensional
triangular fin and present the heat transfer data for a wide
range of Biot number and length-to-base thickness ratio so
that the information can be used for prediction as well as
design purposes. The second purpose is to report additional
data for the rectangular fin to supplement the results of Lau
and Tan.!

Analysis

Consider a triangular fin of length L and base thickness w
attached to a primary surface at temperature 7, (shown as
inset in Fig. 2). The fin is convecting heat from both its sloping
faces to an environment at temperature T.,, the heat transfer
coefficient being h. Because of thermal symmetry, we analyze
one-half of the fin. For two-dimensional conduction, the gov-
erning equation and boundary conditions in dimensionless
form are

0 0
ox "oy ™
a0 )
6(0,Y) = 1, W(X, 0) =0, Ve - i
= — Bi 6 on sloping surface )]

where § = (T — T.) / (T, — T.), X = ax/L, Y = y/(w/2),
Bi = hw/2k, a = L/(w/2), and 7 is the outward normal vector.
In Eq. (2), the first condition represents the constant base
(root) temperature. The second condition is the result of ther-
mal symmetry (symmetrical temperature distribution about y
= 0). The last condition corresponds to convective dissipation
from the sloping surface to the environment.

The total heat transfer, g, (subscript 2 denotes the two-
dimensional solution) per unit depth of the fin can be ex-
pressed in dimensionless form as

9> ZJ' a0

T T ahoax

K@ -1 v

Q,

X=0

Equations (1) and (2) were solved using a finite element
approach. The solution was subsequently used to evaluate Q,



